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We study Floquet topological phases driven by PT symmetric nonunitary time evolution in one
dimension, based on an experimental setup of discrete-time quantum walks. We develop, for nonuni-
tary time-evolution operators, a procedure to calculate topological invariants for Floquet topological
phases and find that the bulk-edge correspondence gives correct predictions of the emergent edge
states. These edge states make exponential growth of wavefunction amplitudes at specific positions
with time controllable. Hereby, we propose that these phenomena inherent in open quantum sys-
tems are feasibly observed by present experiments of quantum walks in both classical and quantum
regimes.
Introduction: Understanding and controlling open
quantum systems are a fundamentally important prob-
lem to be solved. A combined parity and time-reversal
symmetry, called PT symmetry, in a non-Hermitian
Hamiltonian sheds light on the issue by providing unique
and relatively easier solutions, namely, keeping real
eigenenegy even in non-Hermitian systems[1, 2]. Ac-
cordingly, non-Hermitian systems with PT symmetry
have attracted great attention from various fields in
physics, since these systems provide not only further un-
derstanding of open quantum systems[3–6] but also novel
applications[7–16] which cannot be realized by closed
Hermitian systems.
Motivated by these remarkable developments in
PT symmetry of time-independent non-Hermitian
Hamiltonians, PT symmetry for time-dependent sys-
tems described by a time-evolution operator is also
investigated[17–23], but it is relatively less well under-
stood because of difficulty even in identifying PT sym-
metry for the nonunitary operator associated with a
time-dependent Hamiltonian. Recently, it is clarified
in Refs. [24, 25] that not only PT symmetry but also
additional symmetries can be facilely defined for the
nonunitary operator by focusing on discrete-time quan-
tum walks(QWs)[26, 27]. Remarkably, the nonunitary
QW with gain and loss has been realized in experiments
by implementing optical fiber loops[28].
Taking account of facility in maintaining symmetries of
nonunitary operators, the QW is also an ideal platform
to study Floquet topological phases(FTPs) of nonunitary
time-evolution operators, since symmetries are also very
important for topological insulators. While topological
insulators have novel surface states protected by sym-
metries, materials which possess nontrivial topological
phases are limited. Therefore, approaches to artificially
induce nontrivial topological phases are becoming impor-
tant. One possible way is FTPs which are induced by
applying external fields to a topologically trivial system
so that the time-evolution operator possesses topologi-
cally non-trivial phases[29–37]. FTPs of unitary QWs
has been intensively studied theoretically[38–46]. Fur-
thermore, edge states associated with FTPs are observed
in experiments for one[47, 48] and two[49] dimensional
systems. It is remarkable that these experiments are per-
formed in optical systems. Since loss of photons or light
is unavoidable in optical systems, effects of dissipation
(and gain in some setups in like Ref. [28]) on FTPs should
be investigated. It is worth mentioning that while topo-
logical phases of time-independent non-Hermitian Hamil-
tonians with PT symmetry are studied in Refs. [50] and
[51] and there are several developments [52–57] in the last
couple of years, FTPs for time-dependent non-Hermitian
systems, i.e. nonunitary time-evolution operators, have
not yet been studied.
In this Letter, we study FTPs and the corresponding
edge states of the PT symmetric nonunitary QW with
gain and loss in one dimension(1D), whose setup is based
on the experiment in Ref. [28]. We develop a procedure
to calculate topological invariants for FTPs driven by
nonunitary time-evolution and show that the emergent
edge states satisfy the bulk-edge correspondence. We
demonstrate that these edge states contribute to expo-
nential amplification of wavefunction amplitudes at spe-
cific positions with time. Accordingly, we propose that
these phenomena inherent in PT symmetric nonunitary
dynamics are feasibly observed by current experimental
setups of quantum walks implemented by not only clas-
sical coherent lights[28] but also single photons in the
quantum regime[47, 58, 59].
Model: Here, we introduce the time-evolution operator
of the 1D nonunitary QW realized in the experiment in
Ref. [28] and studied further in Ref. [24]. The basis of the
walker is defined from two internal states, |L〉 := (1, 0)T
and |R〉 := (0, 1)T and 1D position space |n〉, where n ∈
Z. Thereby, the wavefunction at time step t, |ψ(t)〉, is
written as |ψ(t)〉 = ∑n∈Z∑s=L,R ψn,s(t)|n〉 ⊗ |s〉. The
time-evolution operator U for one time step of the 1D
nonunitary QW is defined by the product of elemental
operators:
U := S GC(θ2)S G
−1 C(θ1), (1)
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2where each elemental operator is defined as
C(θi=1,2) :=
∑
n
|n〉〈n| ⊗ C˜[θi(n)],
C˜[θi(n)] :=
(
cos[θi(n)] i sin[θi(n)]
i sin[θi(n)] cos[θi(n)]
)
= eiθi(n)σ1 ,
S :=
∑
n
|n− 1〉〈n| ⊗ |L〉〈L|+
∑
n
|n+ 1〉〈n| ⊗ |R〉〈R|,
G :=
∑
n
|n〉〈n| ⊗ G˜, G˜ :=
(
eγ 0
0 e−γ
)
= eγσ3 .
Here, σi (i = 1, 2, 3) are Pauli matrices. The coin opera-
tor C(θi) changes the internal states of walkers through
the position dependent θi(n) and the shift operator S
shifts a walker to its adjacent site depending on its inter-
nal state. The gain and loss operator G with positive γ
amplifies (dumps) the wavefunction amplitude with the
internal state |L〉 (|R〉) by the factor eγ (e−γ), and G−1
vice versa.
The wave function after time t is described by
|ψ(t)〉 = U t|ψ(0)〉. (2)
The quasienergy ε is defined from the eigen equation of
the time-evolution operator:
U |ψλ〉 = λ|ψλ〉, λ = e−iε. (3)
When γ 6= 0, U becomes nonunitary and |λ| 6= 1, which
makes the quasienergy ε complex, in general. However,
if the time-evolution operator possesses PT symmetry
and the eigenstate |ψλ〉 is also the eigenstate of the PT
symmetry operator, ε becomes real[2].
Symmetry: It is shown in Ref. [24] that the nonunitary
time-evolution operator U in Eq. (1) has various sym-
metries. Here we briefly summarize relevant symmetries
which are important to argue topological phases. As pro-
posed in Ref. [42], we need to apply the symmetry time
frame to the time-evolution operator when we argue sym-
metry of time-evolution operators. In the present case,
the time-evolution operator fitted in the symmetry time
frame reads
U ′ = C (θ1/2) GS C(θ2)S G−1 C (θ1/2) . (4)
PT symmetry requires the time-evolution operator to
satisfy (PT )U ′(PT )−1 = U ′−1. This relation is satisfied
by using the PT symmetry operator PT = ∑n |−n〉〈n|⊗
σ0K, where K and σ0 are complex conjugation and an
identity matrix I2 respectively, and with a constraint on
position dependences of θi=1,2(n):
θi(n) = θi(−n). (5)
The time-evolution operator U ′ also retains parity-chiral
symmetry(PCS), which is combined symmetry of parity
and chiral symmetries in the same fashion with PT sym-
metry, (PΓ)U ′(PΓ)−1 = U ′−1, with the symmetry opera-
tor PΓ = ∑n |−n〉〈n|⊗σ3. By combining PT symmetry
and PCS operators, particle-hole symmetry CU ′C−1 = U ′
is established with C = ∑n |n〉〈n| ⊗ σ3K.
Floquet topological phases: It is worth mentioning that,
when γ = 0, the time-evolution operator U recovers time-
reversal and chiral symmetries. Thereby, the system with
γ = 0 is classified in class BDI in the AZ classification
and possibly possesses non-trivial topological phases[60].
In Ref. [42], it is shown that the unitary QW belonging to
class BDI possesses two topological numbers ν0 and νpi for
quasienergy gaps around ε = 0 and pi, respectively, due
to 2pi periodicity of the quasienergy. While, for finite γ,
time-reversal and chiral symmetries are broken, PT and
parity-chiral symmetries possess the similar properties
with the original symmetries. Since topological numbers
are believed to be robust against perturbations which
preserve symmetries, it is of particular interest to study
FTPs and associated edge states of the nonunitary QW
with gain and loss in Eq. (1).
At first, we clarify a condition for finding finite band
gaps of the quasienergy around ε = 0 and pi, so that
topological numbers are well defined. By assuming a ho-
mogeneous system, i.e. θ1(n) and θ2(n) are constant, we
rewrite the time-evolution operator U ′ to U ′(k) in mo-
mentum space by the Fourier transformation:
U ′(k) =
∑
i=0,1,2,3
di(k)σi, (6)
d0(k) = cos θ1 cos θ2 cos(2k)− sin θ1 sin θ2 cosh(2γ),
d1(k) = sin θ1 cos θ2 cos(2k) + cos θ1 sin θ2 cosh(2γ),
d2(k) = d2 = − sin θ1 sinh(2γ), d3(k) = cos θ2 sin(2k),
which satisfies
∑
i=0,1,3 d
2
i (k)− d22 = 1. Then, the eigen-
value of U ′(k) is derived as λ±(k) = d0(k)±i
√
1− d20(k).
On one hand, when |d0(k)| ≤ 1 for any k ∈ [0, 2pi),
the quasienergy ε is kept to be real because |λ±| = 1,
although U ′ is nonunitary. On the other hand, when
|d0(k)| > 1 at a certain range of k, the eigenvalue takes
only the real value, λ± = d0(k) ∓
√
d20(k)− 1(6= ±1),
and then the quasienergy ε becomes complex. The for-
mer and latter situations are called an unbroken PT
symmetry phase and a broken PT symmetry phase,
respectively[2]. Remarkably, the condition of the pres-
ence or absence of the quasienergy band gap around ε = 0
or pi , i.e. λ = ±1, is also discerned by the above un-
broken/broken PT symmetry phases. Thereby, the con-
dition |d0(k = npi/2)| = 1, where n is an integer, gives
phase boundaries of topological numbers as shown in Fig.
1, and we focus on unbroken PT symmetry phases here-
after. We note that, for the nonunitary QW, the parame-
ter space where topological numbers are not well defined
extends in finite regions, while it features lines for the
unitary QW (γ = 0)[46].
3FIG. 1. (Color online)(a) The phase diagram of topological
numbers (ν0, νpi) as functions of θ1 and θ2 of the nonunitary
quantum walk in Eq. (1) with eγ = 1.1. The regions with
topological numbers (ν0, νpi) correspond to unbroken PT sym-
metry phases, while black and white regions represent bro-
ken PT symmetry phases with complex eigenenergies whose
real parts are Re(ε) = 0 and pi, respectively. The circle rep-
resents (θ
(i)
1 , θ
(i)
2 ) = (9pi/10, 3pi/5), while rectangle and tri-
angle represent (θ
(o)
1 , θ
(o)
2 ) = (7pi/10,−4pi/5) (case A), and
(3pi/10,−3pi/5) (case B), respectively, which are used in nu-
merical verifications in Fig. 3. (b) The number of edge states
[N0, Npi] appearing at the quasienergy Re(ε) = 0, pi in the
system in Eq. (10) with parameters in Eq. (11), for various
values of θ
(o)
1 and θ
(o)
2 .
Next, we develop a procedure to calculate topological
numbers of the nonunitary QW by generalizing a pro-
cedure for unitary QWs belonging to class BDI devel-
oped in Ref. [42] to nonunitary QWs with PT symme-
try and PCS. At first, we define topological numbers of
the nonunitary time-evolution operator U ′(k) from Zak
phases in open quantum systems by using the biorthog-
onal basis [in other words, right and left eigenstates of
U ′(k)], |ψ(k)〉 and 〈χ(k)|[61]. We derive the Zak phase
inner region outer regionouter region
FIG. 2. (Color online)The schematic view of the PT sym-
metric nonunitary QW defined in Eq. (10).
ϕ′Z as follows[62]
ϕ′Z = −i
∮
〈χ(k)| d
dk
|ψ(k)〉dk
= −1
2
∮
dϑk ∓ i
2
∮
tan 2Ωk
dϑk
dk
dk. (7)
where
|d(k)|eiϑk = d3(k) + id1(k),
cos(2Ωk) =
√
1−
(
d2
|d(k)|
)
, sin(2Ωk) =
d2
|d(k)| .
Since the Zak phase ϕ′Z defined in Eq. (7) becomes com-
plex in general, we define the topological number ν′ with
the assumption that only the real part of Zak phases is
relevant for the topological number
ν′ = pi−1Re(ϕ′Z). (8)
As shown in Ref. [42], since ν′ does not contain enough
information to characterize two topological numbers for
quasienergy ε = 0 and pi, we need to treat the other
time-evolution operator fitted in the different symme-
try time frame. In the case of the nonunitary QW with
PCS, we can also find the other time-evolution operator
U ′′ = C(θ2/2)S G−1 C(θ1)GS C(θ2/2), which has the
same symmetries with U ′. We calculate ν′′ from the time-
evolution operator U ′′ in the same way with ν′. Finally,
we apply the formula to calculate topological numbers
ν0 and νpi for edge states at ε = 0 and pi, respectively,
derived in Ref. [42] from ν′ and ν′′ for nonunitary QWs
with PT symmetry and PCS:
ν0 =
ν′ + ν′′
2
, νpi =
ν′ − ν′′
2
. (9)
Taking Eqs. (7)-(9) into account, we derive topological
numbers (ν0, νpi) of the nonunitary time-evolution opera-
tor U with eγ = 1.1[62]. The result is shown in the phase
diagram in Fig. 1. We note that the topological numbers
for the nonunitary QW defined in Eq. (8) are the same
with those for the unitary QW (γ = 0) unless both two
band gaps around ε = 0 and pi are open. Therefore, the
topological numbers are robust against gain and loss of
the PT symmetric non-unitary driving.
Bulk-edge correspondence: Having established the
phase diagram, we study whether the bulk-edge corre-
spondence gives the correct number of edge states even
4FIG. 3. (Color online) The eigenvalue λ of the time-evolution
operator on the complex plane with θ
(o)
1 and θ
(o)
2 for the case
A (left) and B(right). The red crosses in each figure rep-
resent eigenvalues of edge states. (b) The probability dis-
tribution |Ψn|2 = ∑s=L,R |ψλ,n,s|2 of one of eigenvectors,
|ψλ〉 =
∑
n,s=L,R ψλ,n,s|n〉⊗ |s〉, corresponding to edge states
localizing near the interface L = −100 for the case A and B.
for the FTP driven by PT symmetric non-unitary time
evolution. In order to induce edge states, we need to
spatially change topological numbers by introducing po-
sition dependent angles θi=1,2 of the coin operators under
the condition in Eq. (5). Accordingly, the system is sepa-
rated into three, an inner and two outer regions as shown
in Fig. 2, which are discerned by the value of θ1 and θ2:
θ1(2)(n) =

θ
(o)
1(2) (n ≤ −L− 1) ,
θ
(i)
1(2) (−L ≤ n ≤ L) ,
θ
(o)
1(2) (n ≥ L+ 1) .
(10)
Note that there are two interfaces near n = ±L where
the topological number varies from one value to the other,
in contrast to the normal setup to induce edge states of
unitary QWs where symmetries require no spatial con-
straints on θi(n). In the following numerical simulations,
we fix parameters
eγ = 1.1 and (θ
(i)
1 , θ
(i)
2 ) = (9pi/10, 3pi/5). (11)
When we calculate eigenvalues of the time-evolution
operator U by numerical diagonalizations, the periodic
boundary conditions are imposed on two ends of the fi-
nite system of −M ≤ n ≤ M − 1 with M = 2L = 200.
First, in Fig. 3(a), we show the eigenvalues of the time-
evolution operator for the system in Eq. (10) with fixed
θ
(i)
1,2 and two kinds of θ
(o)
1,2, which are indicated by sym-
bols in Fig. 1(a). We call systems with (θ
(o)
1 , θ
(o)
2 ) =
(7pi/10,−4pi/5) and (3pi/10,−3pi/5) the case A and B,
respectively. According to the phase diagram of topo-
logical numbers in Fig. 1(a) with Eq. (11), we expect
the existence of two edge states at ε = pi near each in-
terface in the case A by the bulk-edge correspondence,
while two pairs of two edge states appear at ε = 0 and pi
near each interface in the case B. The results of numeri-
cal diagonalizations are shown in Fig. 3(a). While most
of eigenvalues are on the unit circle in the complex plane,
we find that there appear four eigenvalues deviating from
the circle with Re(ε) = pi in the case A and eight eigen-
values with |λ| 6= 1 with Re(ε) = 0 and pi in the case
B[62]. Since eigenvectors with |λ| 6= 1 localize near the
interface as shown in Fig. 3(b), these states are predicted
edge states. Taking into account the fact that the system
in Eq. (10) has two interfaces, the numerical results agree
with the prediction by the bulk-edge correspondence.
Further we systematically check the above specific re-
sult for the whole parameter region of θ
(o)
1,2 in the fol-
lowing way. We count the number of eigenvectors with
Re(ε) = 0, pi for various θ
(o)
1,2 by treating two different sys-
tem sizes M = 80 and 200. Then, we distinguish edge
states from other states (extended states without PT
symmetry due to closing band gaps at ε = 0 or pi) by
the system size dependence of the number of eigenstates.
If the number is unchanged with changing sizes M , the
number is recognized as the number of edge states orig-
inating from FTPs, N0 and Npi, with Re(ε) = 0 and pi,
respectively. The result is summarized in Fig. 1 (b) show-
ing the set [N0, Npi]. Comparing Fig. 1 (a) and (b) in the
light of Eq. (11), in unbroken PT symmetry phases, the
number of edge states completely agrees with the pre-
diction by the bulk-edge correspondence. Also, in bro-
ken PT symmetry phases, we observe that the number
of eigenstates with Re(ε) = 0, pi increases with increasing
the size M , except a few points (shown by red) where the
number(≥ 9, in most cases) shows no system size depen-
dence. However, this would be due to finite size effects
and could be improved by using larger M . Thereby, we
conclude that the bulk-edge correspondence works even
for FTPs driven by PT symmetry nonunitary time evo-
lution. We note, depending on the value of θ in inner
and outer regions, eigenstates with Re(ε) 6= 0 and pi may
have the complex quasienergy (see Ref. [62] for details).
Dynamics: Finally, we study dynamics of wavefunc-
tions driven by the time-evolution operator U in the case
B with L = 25 and the initial state |ψ(0)〉 = | − 4〉⊗ |R〉.
Here, we introduce the probability to find a walker at site
n and time t, P (n, t) ≡ ∑s=L,R |ψn,s(t)|2. Figure 4(a)
demonstrates that the probabilities at two interfaces in-
crease with increasing time, although the initial position
is far from the interfaces. This digests peculiar phenom-
ena of the PT symmetric nonunitary QW, since obser-
vation of edge states in unitary QWs requires that the
initial state should be very close to the interface[47, 48].
In Fig. 4 (b), we show the probability near the interface
5FIG. 4. (Color online) (a) The contour map of lnP (n, t) in the
position and time step plane.(b) The semi-logarithmic plot of
time-step dependences of P (26, t) near the interface L = 25.
The dashed line represents Eq. (12) with β ≈ ln(1.16).
P (26, t) with |ψ(0)〉 = |26〉⊗|R〉 and find that the proba-
bility P (26, t) increases exponentially with time. Taking
Eqs. (2) and (3) into account, this enhancement of prob-
abilities is the manifestation of edge states with largest
Im(ε). This is confirmed by the dashed line in Fig. 4 (b)
showing
Pe(t) ∝ exp(2βt), β = max(Im(ε)), (12)
where β represents a largest value of the imaginary part
of the quasienergy.
Discussion and conclusion: We have studied FTPs
driven by PT symmetric nonunitary time evolution re-
alized by the QW. The results investigated here, which
are peculiar to PT symmetric open systems, can be ob-
served from the time-step dependence of probability dis-
tributions in the experimental setup in Ref. [28]. Further-
more, although the experiment in Ref. [28] uses classical
coherent lasers, it is possible to generalize our theory to
passive PT symmetric systems. Thereby the intrinsically
same phenomena could be observed in other setups, such
as bulk optics with single photons[47, 59] and optical
fiber networks[58], which are in quantum regime. One
of important open questions in the present work is how
the imaginary part of quasienergy is determined. Un-
derstanding this question would involve currently argued
issues of open quantum systems such as a better defini-
tion of Berry phases[20, 23, 61] and bound states[5, 16].
We leave this for future work.
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1Supplemental Material for “Floquet Topological Phases Driven by
PT Symmetric Nonunitary Time Evolution”
In this supplemental material, we explain details of derivations of Zak phases and the phase diagram of two topological
numbers, ν0 and νpi, for PT symmetric nonunitary quantum walks. We also present a detailed analysis on unbroken
or broken PT symmetric phases for all eigenstates.
Calculation of Zak phases of PT symmetric nonunitary quantum walks
Here, we derive Eq. (7) in the main text. First, we describe the time-evolution operator in momentum space U ′(k)
in Eq. (6) in the main text using Pauli matrices σi (i = 1, 2, 3) and an identity matrix σ0 = I2:
U ′(k) = d0(k)σ0 + id1(k)σ1 + d2(k)σ2 + id3(k)σ3, (S1)
d0(k) = cos θ1 cos θ2 cos 2k − sin θ1 sin θ2 cosh 2γ,
d1(k) = sin θ1 cos θ2 cos 2k + cos θ1 sin θ2 cosh 2γ, (S2)
d2(k) = d2 = − sin θ2 sinh 2γ, (S3)
d3(k) = cos θ2 sin 2k, (S4)
where a relation d20(k) + d
2
1(k)− d22 + d23(k) = 1 is satisfied. In order to simplify the calculation of the Zak phase, we
apply a unitary transformation to U ′(k) so that the coefficient of σ3 vanishes when γ = 0:
U ′u(k) = exp[i
pi
4
σ1]U
′(k) exp[−ipi
4
σ1]
= d0(k)σ0 + id1(k)σ1 + id3(k)σ2 − d2σ3. (S5)
The eigenvalues and the (right and left) eigenvectors of U ′u(k) are
λ′±(k) = d0(k)± i
√
1− d20(k), (S6)
| ψ±(k) 〉 = 1√
2 cos 2Ωk
(e±iΩk ,±ie∓iΩke−iϑk)T , (S7)
〈 χ±(k) | = 1√
2 cos 2Ωk
(e±iΩk ,∓ie∓iΩkeiϑk), (S8)
where ϑk and Ωk are defined as
|d(k)|eiϑk = d3(k) + id1(k) (S9)
cos 2Ωk =
√
1−
(
d2
|d(k)|
)2
, sin 2Ωk =
d2
|d(k)| . (S10)
We calculate the Zak phase in open quantum systems by using the biothogonal basis |ψ(k)〉 and 〈χ(k)| in Eqs. (S7)
and (S8), respectively,
ϕ′Z± = −i
∮
〈χ±(k)| d
dk
|ψ±(k)〉dk. (S11)
The differentiation of the right eigenstate | ψ±(k) 〉 by the wave number k is given by
d
dk
| ψ±(k) 〉
=
2 sin 2Ωk
(2 cos 2Ωk)3/2
dΩk
dk
(
e±iΩk
±ie∓iΩke−iϑk
)
+
1√
2 cos 2Ωk
( ±ie±iΩk dΩkdk
±i(∓ie∓iΩk dΩkdk e−iϑk − ie∓iΩke−iϑk dϑkdk )
)
=
1√
2 cos 2Ωk
(
(tan 2Ωk ± i)e±iΩk dΩkdk
±i[(tan 2Ωk ∓ i)dΩkdk − idϑkdk ]e∓iΩke−iϑk
)
. (S12)
2From Eqs. (S8) and (S12), the integrand of Eq. (S11) becomes
〈 χ±(k) | d
dk
| ψ±(k) 〉
=
1
2 cos 2Ωk
[(tan 2Ωk ± i)e±2iΩk dΩk
dk
+ {(tan 2Ωk ∓ i)dΩk
dk
− idϑk
dk
}e∓2iΩk ]
=
1
2 cos 2Ωk
[tan 2Ωk(e
±2iΩk + e∓2iΩk)
dΩk
dk
± i(e±2iΩk − e∓2iΩk)dΩk
dk
− ie∓2iΩk dϑk
dk
]
=
1
2 cos 2Ωk
[{2 tan 2Ωk cos 2Ωk ± i(±2i sin 2Ωk)}dΩk
dk
− i(cos 2Ωk ∓ i sin 2Ωk)dϑk
dk
]
=
1
2
[(2 tan 2Ωk − 2 tan 2Ωk)dΩk
dk
− i(1∓ i tan 2Ωk)dϑk
dk
]
= (− i
2
± 1
2
tan 2Ωk)
dϑk
dk
. (S13)
Substituting Eq. (S13) into Eq. (S11), the Zak phase of the nonunitary time-evolution operator U ′u becomes
ϕ′Z± = −
1
2
∮
dϑk ∓ i
2
∮
tan 2Ωk
dϑk
dk
dk. (S14)
Derivation of the phase diagram of topological numbers ν0 and νpi
In this section, we explain how to derive the phase diagram of topological numbers ν0 and νpi for quasienergy ε = 0
and pi, respectively, in Fig. 1 (a) in the main text. In the right hand side of Eq. (S14), the first term of the Zak phases
calculated from the biothorgonal basis gives a real number since ϑk is always real, and the second term gives a pure
imaginary number as long as quasienergy gaps around ε = 0, pi are open, i.e. Ωk is real. Since topological numbers
are well defined when band gaps are open, we consider parameter regions where both band gaps around ε = 0 and
ε = pi are open. Also, using the assumption written in the main text, we focus only on the real part of the Zak phase,
Re(ϕ′Z) = −
1
2
∮
dϑk. (S15)
Using the fact that ϑk defined in Eq. (S9) is determined by d1(k) and d3(k) in Eqs. (S2) and (S4), respectively, we
can understand that Re(ϕ′Z) takes values +2pi, −2pi, or 0, depending on values of θ1, θ2, and γ as explained in Fig.
S1. Finally, substituting Re(ϕ′Z) for various values of θ1 and θ2 into Eq. (8), we can obtain the phase diagram of ν
′
in (θ1, θ2) space as shown in Fig. S2(a).
(a) (b)
FIG. S1. The schematic view of trajectories of |d(k)|eiϑk = d3(k) + id1(k) as a function of the wave number k ∈ [0, 2pi) in
complex plane when d1(k = 0) > 0 and (a)| sin θ1 cos θ2| > | cos θ1 sin θ2 cosh(2γ)| and (b)| sin θ1 cos θ2| < | cos θ1 sin θ2 cosh(2γ)|.
The circles and rectangles on the imaginary axis represent the value of |d(k)|eiϑk when k = 0 and k = pi
2
, respectively. The
arrow on solid (dashed) circle represents the direction of the trajectory of |d(k)|eiϑk when cos θ2 > 0 (cos θ2 < 0) as a function
of k. When wave number k varies from 0 to 2pi, Re(ϕ′Z) becomes +2pi [solid circle in (a)], −2pi [dashed circle in (a)], or 0 [in
(b)]. In the case d1(k = 0) < 0, Re(ϕ
′
Z) can be calculated in the same way.
In order to derive the phase diagram of topological numbers ν0 and νpi, we also need to calculate ν
′′. Comparing
U ′ = C(θ1/2)SGC(θ2)G−1SC(θ1/2) with U ′′ = C(θ2/2)SG−1C(θ1)GSC(θ2/2), we can immediately obtain ν′′ as
shown in Fig. S2(b) only by exchanging θ1 and θ2 in Fig. S2(a). We note that d1(k) and d3(k) are independent of the
3sign of γ. Finally, by substituting ν′ and ν′′ in each parameter region into Eq. (9), we can obtain the phase diagram
of ν0 and νpi [Fig. 1 (a)].
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FIG. S2. The value of ν′ and ν′′ in (θ1, θ2) space when eγ = 1.1. In the black (white) region, the quasienergy gap around ε = 0
(ε = pi) is close and ν′ and ν′′ are not well defined.
Unbroken or broken PT symmetric phases for all eigenstates
Figure 3 (a) for the cases A and B treated in the main text shows that only edge states with Re(ε) 6= 0 or pi have
complex quasienergy, indicating broken PT symmetry of edge states. However, depending on the value of parameters,
other eigenstates with Re(ε) 6= 0 or pi can have complex quasienergy in the inhomogeneous system in Eq. (10) in the
main text. Here, we call these states c-states to distinguish from edge states originating from Floquet topological
phases and explain details of these numerical results. As we explained, Fig. 1(b) in the main text is obtained from
the system size M dependences of the number of eigenstates with Re(ε) = 0 or pi. We repeat the same analysis for all
eigenstates and recognize c-states by eigenstates with complex quasienergy with Re(ε) 6= 0 or pi for the system with
M = 200. The result is shown in Fig. S3.
From Fig. S3, we can understand that c-states exist in wide parameter regions. Figure S4 shows the eigenvalues
and probability distributions of c-states when parameters are θ
(i)
1 =
9
10pi, θ
(i)
2 =
3
5pi, θ
(o)
1 = − 45pi, θ(o)2 = 910pi, and
eγ = 1.1. As shown in Fig S4, eigenvalues corresponding to c-states shown by red symbols appear not only within a
band gap [whose eigenstates are localized near a boundary as shown in Fig. S4 (b)] but also in bulk spectra [whose
eigenstates are extended through the system shown in Fig. S4 (c)]. However, we emphasize that imaginary parts of
complex quasienergies for edge states originating from Floquet topological phases are generally larger than those for
c-states, which we can understand from Fig. S4 (a). Thereby, when we consider the time evolution for the system
even with c-states, edge states originating from Floquet topological phases dominate the exponential amplification of
probability at the interface.
[1] K. Mochizuki, D. Kim, and H. Obuse, Phys. Rev. A 93, 062116 (2016).
4FIG. S3. Existence or absence of c-states and edge states originating to Floquet topological phases at Re(ε) = 0, pi. The brown
regions represent the existence of c-states for various values of θ
(o)
1 and θ
(o)
2 . The meanings of other colors and values of γ, θ
i
1,
and θ
(i)
2 are the same as Fig. 1 (b) in the main text. The orange circle represents (θ
(o)
1 , θ
(o)
2 ) = (− 45pi, 910pi) which is used in the
calculation in Fig. S4.
FIG. S4. (a)The eigenvalues and (b) probability distributions of two c-states for the system with the size M = 200 and
parameters θ
(i)
1 =
9
10
pi, θ
(i)
2 =
3
5
pi, θ
(o)
1 = − 45pi, θ(o)2 = 910pi, and eγ = 1.1. (a)Green dense dots and red symbols (crosses,
triangles, and rectangles)) represent the eigenvalues whose absolute value is one and not equal to one (quasienergy is complex),
respectively. More precisely, red crosses, triangles, and rectangles correspond to edge states originating from Floquet topological
phases, localized c-states inside a band gap, and extended c-states, respectively. (b-1) The probability distribution of one of
localized c-states whose eigenvalue corresponds to a red triangle in (a). (b-2) The probability distribution of one of extended
c-states whose eigenvalue corresponds to a red rectangle in (a).
